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FAST TRANSPORT ASYMPTOTICS FOR STOCHASTIC RDES 
WITH BOUNDARY NOISE 

By Sandra Cerrai^ and Mark Freidlin^ 
University of Maryland 

We consider a class of stochastic reaction-diffusion equations also 
having a stochastic perturbation on the boundary and we show that 
when the diffusion rate is much larger than the rate of reaction, it is 
possible to replace the SPDE by a suitable one-dimensional stochastic 
differential equation. This replacement is possible under the assump- 
tion of spectral gap for the diffusion and is a result of averaging in 
the fast spatial transport. We also study the fluctuations around the 
averaged motion. 

1. Introduction. In classical chemical kinetics, the evolution of concen- 
trations of various components in a reaction is described by ordinary dif- 
ferential equations. Such a description turns out to be unsatisfactory in a 
number of applications, especially in biology (see [12]). 

There are several ways to construct a more adequate mathematical model. 
If the reaction is fast enough, one should take into account that the con- 
centration is not constant in space in the volume where the reaction takes 
place. Then, the change of concentration due to spatial transport should be 
taken into account and the system of ODEs should be replaced by a system 
of PDEs of reaction-diffusion type. In some cases, one should also take into 
account random changes in time of the rates of reaction. Then, the ODE is 
replaced by a stochastic differential equation. If the rates change randomly 
not just in time but also in space, then evolution of concentrations can be 
described by a system of SPDEs. 

On the other hand, the rates of chemical reactions in the system and the 
diffusion coefficients may, and as a rule do, have different orders. Some of 
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them are much smaller than others and this allows one to apply various 
versions of the averaging principle and other asymptotic methods, thereby 
eventually obtaining a relatively simple description of the system. 

In this paper, we study the case where the diffusion rate is much larger 
than the rate of reaction and we show that in this case, it is possible to 
replace SPDEs of reaction-diffusion type by suitable SDEs. Such an approx- 
imation is valid, in particular, if the reaction occurs only on the boundary 
of the domain (this means that the nonlinearity is included in the bound- 
ary conditions). This replacement is a result of averaging in the fast spatial 
transport. We would like to stress that our approach allows us also to cal- 
culate the main terms of deviations of the solution of the original problem 
from the simplified model. Notice, moreover, that the case where the dif- 
fusion coefficients and some of the reaction rates are large compared with 
other rates can be considered in a similar way. 

More precisely, we are dealing with the following class of equations: 



(1.1) 



du 1 

-^{t,x) = -AUe{t,x) + f{t,X,Us{t,x)) 

QujQ 

+ g{t,x,Ue{t,x)) -^{t,x), t>0,xeD, 
1 du div^ 

-—^{t,x)=a{t,x)—-{t,x), t>0,xedD, 

£ OV Ot 

,Us{0,x) =uo{x), XGD, 



for some < e ^ 1. These are reaction-diffusion equations perturbed by a 
noise of multiplicative type, where the diffusion term A is multiplied by a 
large parameter and a noisy perturbation is also acting on the boundary 
of the domain D. 

Here, D is a bounded open subset of M'^, with d> 1, having a regular 
boundary (for more details, see Section 2) and, in the case d=l, we take 
D = [a,b]. A is a uniformly elliptic second order operator and d/diy is the 
corresponding conormal derivative. This is why the same constant e~^, which 
is in front of the operator A, is also present in front of the conormal derivative 
d/dv. In what follows, we shall denote by A the realization in L'^{D) of the 
differential operator A, endowed with the conormal boundary condition. 

The coefficients /, (7: [0,cxd) x D x M — )• M are assumed to be measurable 
and satisfy a Lipschitz condition with respect to the third variable, uniformly 
with respect to the first two variables, and the mapping a: [0, 00) x dD — ?• M 
is bounded with respect to the space variable. 

The noisy perturbations are given by two independent cylindrical Wiener 
processes, w'^ and , defined on the same stochastic basis (r2,-F, J^f,P), 
which take values on L^{D) and L^{dD), respectively, and have covariance 
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operators Q G C+{L'^{D)) and B G C+{L'^{dD)), respectively. ^ In space di- 
mension d = l, we can take Q equal to the identity operator so that we can 
deal with space-time white noise. Moreover, as L^({a,6}) = IR^, in space 
dimension (i= 1, we do not assume any condition on B. 

Stochastic partial differential equations with a noisy term also acting on 
the boundary have been studied by several authors; see, for example, da 
Prato and Zabczyk [3], Freidlin and Wentzell [6] and Sowers [10]. The last 
two mentioned papers also deal with some limiting results with respect to 
small parameters appearing in front of the noise. However, the limiting re- 
sults which we are studying in the present paper seem to be completely new 
and we are not aware of any previous results dealing with the same sort of 
multiscaling problem, even in the simpler case of homogeneous boundary 
conditions (i.e., a = 0). 

As mentioned above, our interest is in studying the limiting behavior of 
the solution u,. of problem (1.1) as the parameter e goes to zero, under the 
assumption that the diffusion Xt associated with the operator A, endowed 
with the conormal boundary condition [this corresponds to a diffusion Xt 
on some probability space (0, J-t,P) which reflect on the boundary of D], 
admits a unique invariant measure /i and a spectral gap occurs. That is, for 
any h £ L'^{D,ij,), 



D 



E^h{Xt) - [ h{y)ii{dy) 

JD 



2 

/i(dx) < / \h{y)\^fi{dy) 

D 



for some constant 7 > 0. This can be expressed in terms of the semigroup 
e*"^ associated with the diffusion Xt, by saying that 



(1.2) 



e*^/i- / hix)fi{dx) 



D 



<ce ^^\h\L2(^D,t^)■ 

LHD,f,) 



Moreover, as shown in Remark 2.1, the space L'^{D) is continuously embed- 
ded into L'^{D,ijl). 

Our aim is to prove that equation (1.1) can be replaced by a suitable one- 
dimensional stochastic differential equation, whose coefficients are obtained 
by averaging the coefficients and the noises in (1.1) with respect to the 
invariant measure /x. More precisely, for any h G L'^{D,fj.), we define 

F{t,h)= / f{t,x,h{x))fi{dx), t>0, 

JD 



^Here, and in what follows, given any Banach space E, we denote by C{E) the Banach 
space of bounded linear operators on E and by £'^{E) the subspace of nonnegative and 
symmetric operators. 
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and for any h G L'^{D,fi), z G Lp'iD) and k G L'^{dD), we define 
G{t,h)z= / g{t,x,h{x))z{x)fi{dx), t>0, 

JD 

and 

S(t)fc = <5o / iV5jcj(t,-)A:](x)^((i2;), t > 0, 

JD 

where is the Neumann map associated with A and 5q is a suitable 
constant (see Section 2, [8] and [9] for definitions). We prove that for any 
t > 0, the mappings F{t, ■) : L'^{D, ^) ^ M and G{t, •) : L'^{D, fi) L'^{D) are 
both well defined and Lipschitz continuous, and S(t) G L^{dD), so that the 
stochastic ordinary differential equation 

dv{t) = F{t, v{t)) dt + G{t, v{t)) dw'^it) + t{t) dw^{t), 

v{0) = / uo{x)fi{dx), 

JD 

admits, for any T > and p > 1, a unique strong solution u G U'{Vl\ C([0, T])) 
which is adapted to the filtration of the noises and . Notice that (1.3) 
is a one-dimensional stochastic equation, in the sense that the space variables 
have disappeared. In Section 4, we show that it can be rewritten as 

dv{t) = Fit, v{t)) dt + $(t, v{t))d/3t, 

where f3t is a standard Brownian motion and the diffusion coefficient $ is 
explicitly given in terms of Q, G, B and S. 

When we say that equation (1.1) can be replaced by (1.3), we mean that 
the solution of (1.1) can be approximated by the solution v of (1.3) in 
the following sense: 



(1.3) 



(1.4) limE sup 

te[(5,r] 



\ue{t,x) - v{t)\'^ fi{dx] 



D 



P 







for any fixed < 6 <T and p> 1/2. 

In order to prove (1.4), we first have to prove that for any fixed e > 0, equa- 
tion (1.1) admits a unique adapted mild solution in U'{n,G{[0,T]; L^{D))), 
that is, there exists a unique adapted process such that 

u,{t) = e'^/'uo + f e(*-^)^/"F(s, n,(s)) ds + f e^'~'^^''G{s, u,{s))dw^{s) 
Jo Jo 

+ wXB{t), 

where ^{t) is the boundary term (the stochastic boundary convolution) 



^ABit) = {So - A) [\^'-'^^/'Ns,ns)dw''{s)], 
Jo 



t > 



FAST TRANSPORT ASYMPTOTICS FOR STOCHASTIC RDES 



5 



(here, and in what follows, F and G denote the composition/multiplication 
operators associated with / and 5, resp.). In particular, we have to show 
that the above term is well defined in L^(r2, C([0, T]; L^(Z)))). Concerning 
the notion of mild solutions and existence and uniqueness results for SPDEs 
like (1.1), with fixed e > 0, we refer to Da Prato and Zabczyk [3]. How- 
ever, we would like to stress that in the present paper, we are not imposing 
the Hilbert-Schmidt condition on the covariance operators Q and B, and 
this makes the treatment of the stochastic convolution and of the stochastic 
boundary convolution more complicated, in view also of the a priori esti- 
mates with respect to e > 0. 

Actually, once we have a unique adapted mild solution for (1.1), we 
prove an a priori estimate of the following type: 

sup ^U,{t)\^^,. , < CT,p{l + |woli2(m)- 

£g{0,l] u : J. V ;y \ J 

Due to (1.2), this allows us to proceed to the proof of (1.4). 

After we have proven (1.4), in the final section, we study the fluctuations 
of Ue from V. Namely, we introduce the random field 

Upft, X) — V(t) , ^ , ^ ^ 

Ze{t, x) := ^ ' ^ ^ (t, x) £ [0, +00) X D, 

and show that, under the assumption that the noisy perturbation in (1.1) 
is of additive type (i.e., the diffusion coefficient g is independent of n), for 
any t>0, 

Ze{t)^Io{t) in L2(D,/i),e|0, 

where lQ{t,x) is the Gaussian random field taking values in L?'[D,fi) for any 
t > 0, defined by 

j-OO 

Io{t,x):= / ie'^G{t)dw'^{s,x) - {G{t),dw'^{s))L2^D)) 
Jo 

POO 

+ / {{60- A)e'^Ns,[mdw''is)]ix) - {tit),dw''{s))L2(^9i,^). 
Jo 

The random field Io{t, x) is well defined in L^{D, /i) because of the spectral 
gap inequality (1.2) and, in the case where the coefficients g and a do not 
depend on t, Io{t,x) also does not depend on t so that the weak limit of 
Zs{t, x) as e 10 depends only on the space variable x and is constant in time 
for any t > 0. 

2. Notation and assumptions. Let D be a bounded domain in R'^, with 
d > 1, satisfying the extension and exterior cone properties, and let v be the 
outward normal at dD. We assume that dD is a C°° manifold and D is 
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locally only on one side of dD. In the case d = 1, D is a bounded interval 
(a, 6). 

We define H := L^{D) and Z := L^{dD) and, for any a > 0, we define 
if" := H'^{D) and Z° := H°'{dD) (in particular, ii" = i/ and = Z). 
We assume that ^ is a second order differential operator. 




satisfying the uniform ellipticity condition 
d d 
inf V aij (x)e^e, > ao V 4' , C G 

xGi) — ' — ' 
jj=l i=l 

for some > 0. The coefficients aij and bi are assumed to be smooth [for 
simplicity, we take them to be in C°°{D)]. In what follows, we shall denote 
by A the realization in H of the operator endowed with the boundary 
condition 

dh 

(2.1) —[x):={a{x)v{x),Vh{x))^d={), xedD. 
Namely, 

(Ah = Ah, h£D{A), 

\ D{A) = {h£ H^{D); {a{x)u{x),Vh{x))^d = 0,x G dD}. 

As is well known, the operator A generates an analytic semigroup {e*^}t>o 
in H which is also strongly continuous. Moreover, 

Z)(^°) = D((^*)") Cif2", a>0, 

and 

(2.2) D{A") = H^", 0<a<f 

(for proofs, see [11] and [8], resp.). 

If, for any 1 < p < oo, we denote by Ap the realization in L^{D) of the 
operator A, endowed with the boundary condition (2.1), it can be proven 
that Ap generates a strongly continuous analytic semigroup e^^^ in L^{D). 
Notice that all of these semigroups are consistent, so, in what follows, we 
shall denote them all by e*"^. 

As proved in, for example, [5], Theorem 2.4.4, since A is uniformly elliptic 
and the domain D has the extension property, the semigroup e*^ admits an 
integral kernel kt{x,y). Due to the boundary condition, the kernel satisfies 



(2.3) 



0<h{x,y) <c{t-'^^^ + 1), t>0, 
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for some constant c > 0, almost everywhere in D x D. 

As a consequence of om' assumptions on A and D, it is possible to prove 
that there exists some (5o G K such that for any 6 >6o and h £ Z, the elliptic 
boundary value problem 



(2.4) 



{5-A)v{x) = 0, x£D, 
{a{x)i'{x),'Vv{x))^d = h{x), x£dD, 



admits a unique weak solution v £ H, which we will denote by Nsh. The 
application Ng : Z ^ H is known as the Neumann map associated with the 
operator A. It is well known that maps Z into H as a bounded linear 
mapping. Moreover, according to elliptic theory for domains with smooth 
boundaries (for a proof, see [9], Theorem 7.4 of Volume I), we have 

(2.5) iV5 G£(Z",/f"+3/2)^ ^yg 

In what follows, we shall assume that e*"^ has the following long-time 
behavior. 

Hypothesis 1. The semigroup e^^, t > 0, admits a unique invariant 
measure /_i and there exists some 7 > such that, for any h G Lp'{D,^), 



(2.6) 



e'^h- I h{y)fi{dy) 



D 



<ce-^'\h\L2^n,^), t>0. 



In what follows, we shall set := L'^{D,fi) and 

{h,fi):= / h{x)fj,{dx). 



D 



Remark 2.1. 

1. If ^ is a divergence-type operator, that is, bi = for any i = 1, . . . ,d, then 
the operator A is self-adjoint in H. This implies that it is possible to fix 
a complete orthonormal system {ek}k>o in H and an increasing sequence 
of nonnegative real numbers {ak}k>o such that 

Aek = -akek, k£N. 

Let eo be the constant eigenfunction corresponding to the ao = eigen- 
value and let qi be the first positive eigenvalue. It is immediate to check 
that 

(2.7) fi{dx) = eldx = \D\-^dx 
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and, in particular, that H = H^, with equivalence of norms. Moreover, as 
for any x £ H, we have 

e*^x - {x, fJ^) = Y^ e"*"' {x, CijHei 

i=l 

and ai < ai for any i > 1, it is immediate to check that 

oo 
i=l 

SO the constant 7 in (2.6) coincides with ai. 
2. If j4 is self-adjoint, as above, for any 5 > and /c E N it holds that 

(2.8) Ntek = -^ek.. 

Actually, for any h£ Z, we have 

{Nsh,ek)H = T~ — / Nsh{x){6 + ak)ek{x)dx 
o + Ok Jd 



1 



Nsh{x){S - A)ek{x) dx. 



S + Ofc Jd 

Now, if we assume that h G Z^/^, according to (2.5), we have that Ngh G 
and then, due to the Gauss-Green formula and to (2.4), we obtain 

Nsh{x)Aek{x) dx = — / h{a)ek{cr) da + / ANgh{x)ek{x) dx. 
D JdD Jd 

This implies that 

{Nsh,ek)H = T~ — / - A)Nsh{x)ek{x)dx + Y— — / h{a)ek{(j)da 

O + OikJD O + OkJoD 

{h,ek,Jz 



S + ak 
so that 

{h,N^ek)z = j^{h,ek )z. 

+ ak '^^ 

As Z^/^ is dense in Z, we can conclude that (2.8) holds. 
3. As 

e*^/i(x)= / ktix,y)h{y)dy, xeD, 
Jd 

and e^^l = 1, we have 

\e'^h{x)\'^ <e'^\h\\x), xeD. 



FAST TRANSPORT ASYMPTOTICS FOR STOCHASTIC RDES 
Due to the invariance of fi, this imphes that for any h G if^, 



e*^/i(x)|>(rfx) < / e^'^\hY{x)ii{dx)= / |/i(x)|>(dx), 

D Jd Jd 

SO e*"^ acts on H^j, as a contraction, that is, 

(2.9) \\e'^\\c(H,)<l, t>0. 

4. We have that H is continuously embedded into H^. Actuahy, due to the 
invariance of /U and to the kernel representation of e*"^, for any h(z H, we 
have 

|/i(x)|V(d2;)= / e'''\h\\x)fi{dx)= [ [ h{x,y)\h{y)\''dy^idx). 
Jd JdJd 

Then, thanks to (2.3), we have 

\hfH,= [ \h{x)ffi{dx)<c [ \h{y)\^dy=\h\jj. 
Jd Jd 

5. As a matter of fact, there exists a nonnegative function m G L°°{D) such 
that 

fi{dx) = m{x) dx, X £ D. 

Actually, let (p,Tp £ C'^{D), with ip fulfilling the boundary condition (2.1). 
Integrating by parts, we obtain 

{'ip,A(f)H = {A*'il^,ip)H - / {au,V'ilj)^d(pda + / {b,u)^d(p'ilj da, 

JdD JdD 

where 

d f d'tp\ 
^ 'dx'- 'dx-J ~ ^^"^^"^ ~ 

Hence, the operator A* , endowed with the boundary condition 

(2.10) {a{x)v{x),Vij{x))^i- {h{x),v{x))^di){x)=Q, xedD, 

is the formal adjoint of the operator A, endowed with the boundary 
condition (2.1). 

Now, the function u = 1 is a nonzero solution of the problem 

Au{x)=0, xGD, 
(a(x)z>(x), Vn(x))]gd = 0, x£dD. 

Then, by the Fredholm alternative, there exists a nonzero weak solution 
if E to the adjoint problem 

A*ip{x) = 0, xeD, 
(a(x)z^(x), V(/?(x))igd — {b{x),v{x))^dip{x) =0, x G dD. 
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By elliptic regularity results (cf. [7], Chapter 3), as the boundary of D 
and the coefficients of A (and hence of A*) are of class C°°, we have that 
is a classical solution to the adjoint problem. Hence, if A* is the adjoint 
of A in H, for any A sufficiently large, we have 

{xi-A*r^^=^^ 

and by taking the inverse Laplace transform, we obtain e*"^*(^ = ip for any 
t > 0. 

Now, due to the positivity of the semigroup e*"^ (and hence of the 
semigroup e*"^* ) and to the fact that e*"^ is conservative, we have that the 
set 

A:={ipeH: e^^* ip = ip,t>Q] 
is a lattice, that is, G A for any 99 G A. Therefore, if we set 

we have that e^^* m = m for any t > and hence ra{x) dx is a probability 
measure and is invariant for e*"^. As // is the unique invariant measure 
for e*"^, we are done. 

Concerning the coefficients /, g and a we assume the following conditions. 



Hypothesis 2. 

1. The mappings f, g : [0, 00) x L> x R — )• R are measurable and the mappings 
f{t, X, ■),g{t, x, •) : M — 7- R are Lipschitz continuous, uniformly with respect 
to {t, x) S [0, T] X D, for any T > 0. Namely, for any ^, G R 

sup \f{t,x,0 - f{t,x,Tq)\ < Ltj\^-v\, 
{t,x)e[0,T]xD 

sup \g{t,x,^) - g{t,x,i])\ <LT,g\^-v\- 

it,x)e[0,T]xD 

2. The mapping a : [0, 00) x dD — > M is measurable and for any T > 0, 

sup \a{t, ■)\Lo°(^dD) =■ CT.a < OO. 

te[o,T] 



In what follows, for any t > and hi,h2 € H , we shall define 
F(t,/ii)(x) :=/(t,x,/ii(x)), xeD, 
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and 

[G{t,hi)h2]{x) := g{t,x,hi{x))h2{x), xe D. 

Due to Hypothesis 2, we have that F{t, ■):H ^H, G{t, ■):H ^ C{H, L^{D)) 
and ■):H ^ C{L°°{D),H) are all Lipschitz continuous, uniformly with 
respect to t E [0, T], for any T > 0. 

Notice that the same is true for the mappings F(t, •) : — H^, G{t, •) : — )• 
C{H^, L\D, ^i)) and G{t, ■):H^^ C{L'^{D- fj,),H^). 

Analogously, if, for any t > and z G Z, we set 

[T,(t)z]{x) :=a{t,x)z{x), x£dD, 

then we have that is a bounded linear operator on Z and for any T > 0, 

(2.11) \\m\\c{Z)<CT,a, te[0,T]. 

Finally, concerning the noisy perturbations w'^it) and w^{t), we assume 
that they are two independent cylindrical Wiener processes defined on the 
same stochastic basis ($7, J-t,P), taking values in H and Z, respectively, 
with respective covariance operators Q € C~^{H) and B G C~^{Z). Namely, 

fcGN fceN 

where {ek}k&i is the orthonormal basis of H which diagonalizes Q, with 
eigenvalues {Ayfc}yfcgNi {/fcjfceN is the orthonormal basis of Z which diag- 
onalizes -B, with eigenvalues {Ok}k£ni and {Pk}k<m and {/3fc}fcgN are two 
sequences of independent standard Brownian motions, both defined on the 
stochastic basis (fi, J-i,P). Notice that the two sequences above are not 
convergent in H and Z, but in any Hilbert spaces U and V which contain 
H and Z, respectively, with Hilbert-Schmidt embedding. Moreover, in the 
case d = 1, we have Z = and hence 

u;^(t) = e/3(t), 

where = diag(0i,02) and /3(t) = (/3i(t), /32(i)) is a two-dimensional stan- 
dard Brownian motion. 

In what follows, we shall assume the following summability conditions on 
the eigenvalues and 9k and the sup-norm of the corresponding eigenfunc- 
tions. 

Hypothesis 3. 
1. If d> 2, then there exists p < 2d/[d — 2) such that 



(2.12) 



^K\^k\lo=-KQ<00. 

km 



12 



S. CERRAI AND M. FREIDLIN 



2. If d>2, then there exists j3 <2d/{d—l) such that 

(2.13) J]]^f =:kb<(X). 

km 

Remark 2.2. 

1. From the proofs of Lemmas 3.3, 4.3 and 5.4, it is possible to see that if 
the mapping : [0, T] x Z) x M — M is uniformly bounded for any T > 0, 
then we do not need to require that the sequence {efcjfcgN is contained in 
L°°{D) and condition (2.12) can be replaced by 

fcGN 

2. As both d/{d — 2) and d/{d— 1) are strictly greater than 1, neither Q nor 
B are required to be Hilbert-Schmidt operators in general. Moreover, in 
space dimension d=l, we have no conditions on the eigenvalues {A^} 
and we can take Q = I. This means that we can deal with space-time 
white noise. 



3. A priori bounds for the solution of (1.1). In this section, we are con- 
cerned with uniform bounds for the pth moments of the C{[0,T]; H)-norm 
of the mild solution Us of (1.1). 

We first recall some general facts about the linear parabolic equation with 
nonhomogeneous boundary conditions 



(3.1) 



^{t,x) = Ay{t,x) 



t>0,x£D, 

t>0,x€dD, 
x£D, 



{a{x)i^{x),Vy{t,x))js^d =v{t,x), 
y{0,x) =yo{x), 

where f is a Z-valued function. If v{-) is twice continuously differentiable 
and there exists 6o > such that yo — Nsv{0) G -0(^4) for 6 > Sq, then the 
solution of problem (3.1) is given by 



(3.2) 



y{t) = e'^yo + {S-A) f e'^'-'^^Nsv{s) ds 
Jo 



(for a proof, see, e.g., [4], Proposition 13.2.1). 

Such a formula can be extended by continuity to less regular functions v. 
In particular, for each e > 0, we can consider the problem 



(3.3) 



||(t,x) = ^Ay{t,x), 

{a{x)u{x),Vy{t,x))^d =ea{t,x) 
Ly(0,x) = 0, 



~dt 



it,x), 



t>0,x£D, 

t>0,xedD, 
x£D, 
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where is the cyhndrical Wiener process defined in Z, introduced in Sec- 
tion 2. In analogy to formula (3.2), by taking 5 = Sq/e and v{t) = dw^ /dt, 
we say that for any e G (0, 1] , the process 

w%s{t) = {6o-A) [\^'-^^^/'Ns,Ms)dw''{s)], t>0, 
Jo 

is a mild solution to problem (3.3). The process ^{t) can be interpreted 
as a boundary Ornstein-Uhlenbeck process and can be written as the infinite 
series 

y^AM*) = E('^o - A) f e'^'-'^^''Ns,[ns)Bh]dPk{s), t > 0. 
ken -'^ 

As proved in the next lemma, such a series is well defined in U'{rL\ C([0, T]\H)) 
for any T > and p > 1. Moreover, a uniform estimate with respect to 
e G (0, 1] holds. 

Lemma 3.1. Under part 2 of Hypothesis 3, the process ^ belongs to 
LP{n;C{[0,T];H)) for anyT>0,p>l and e e {0,1], and 

(3.4) sup E\w%^B\cmnH)=-^T,p<oo. 

eG(0,l] 

Proof. As a consequence of the stochastic Fubini theorem and of the 
elementary identity 

/ (t-s)"-Vs-a)-°ds = , 0<a<t,ae(0,l), 

J„ smvra 

we have the factorization formula 

^Xsit) = ^ f{t - sr-'e^'-^^^/^YUs) ds, 

71" Jo 

where 

YsA-'^) = r)-"(<5o - A)e^'-''>^/'Ns,Mr) dw^'ir)] 



(for a proof, see [2]). By the Holder inequality, this implies that for any 
a > l/p, 

E sup \w%s{t)fjj 

te[o,T] 



(3.5) ^° 



14 



< Ct 
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T / rs 



\J0 



[s — r] 



-2a 



\P/2 

X J2(^l\{6o - yl)e(^-^W-iV5„[S(r)A]|^dr ds, 
fceN ^ 



the last inequality following from the Burkholder-Davis-Gundy inequality. 

Now, assume that d> 1 (the case d = 1 is simpler). According to (2.13), 
we have 

5^&i|(<5o - A)e(-^W-iV,jS(r)A.]|^ 

fcGN 



(3.6) 



^fcgN 



1/C 



xsup|(5o-A)e(^-^)^/^iV,,[S(r)/fc]|^' 
ken 



2(C-i)/C 



where C := /?/(/? — 2). Thanks to (2.2) and (2.5), for any p > 0, we have 
(3.7) Sp := {6o - A)^'-Py^Ns, G C{Z, H). 

Hence, for any e > and < r < s < T, due to (2.11), we have 



fceN 



fceN 



(3.8) 



: J] J^KA, S(r)5;[(<5o - ^)(i+P)/4e(-'^)/2^/^]*e(^-^)/2^V.e,)^| 



fceNheN 



^|S(r)5*[(5o - A)(i+'')/4e(^-'-)/2^/^]*e(^-'^)/2^*/^e;,|| 



s — r 



{l+p)/2 



+ 1 



J^|e(-0/2^Vee,|^. 



As the semigroup e*^ admits an integral kernel kt{x,y), that is, 
6*^/(2;) = / kt{x, y)f{y) dy, xGD, 

we have 

e^^*h{y)= I kt{x,y)h{x)dx, yeD. 

D 



D 
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This implies 



(s-r)/2AVep |2 



^(s-r)/2A*/e 



(3.9) 



E 



D 



D 



eh{y)\ dy 



dy 



= E / \ihs-r)/{2e){-,y),eh)H\'^dy 
= / \k(^s-r)/{2s){-,y)\Hdy. 

Jd 

Now, due to (2.3), for any t > and y £ D, we have 



\h{;y)\'H 



\kt{x,y)\'^dx<cit-'^/^ + l) / kt{x,y)dx 



D 



D 



and hence 



D 



\kt{-,y)\ldy<c{t-'''^ + l) / kt{x,y)dxdy = c\D\{t-'''^ + l). 

Jdxd 



This imphes that for any e > 0, 



s — r 



d/2 



SO, thanks to (3.8), we have 



(3.10) 



J2\iSo-A)e(^-^^^/^Ns,Mr)fk]\ 

ken 



+ 1 



i/C 



s — r J 



N (d+l+p)/(2C) 



+ 1 



Next, by proceeding as in (3.8), we have 

,(s-r)A/e 



(3.11) 



sup|((5o — A)e^ 



< CT. 



s — r 



Ns,[nr)fk]\H 
(i+p)(C-i)/(2C) 



2{C-i)/C 



+ 1 



Therefore, thanks to (3.5), (3.6), (3.10) and (3.11), we can conclude that for 
any e£ (0,1], 

E sup \w^AB{t)rH<CT.r,.o.J / [.-(2-+('^+0/(2C)+P/2)+l]d, . 

<e[o,T] \Jo J 
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Now, as in Hypothesis 3, we are assuming that (3 < 2d/ {d— 1), so we have 
{d + C)/2C < 1- This means that we can fix a > and p > such that 

d + C P 

and then, for any p > p := l/a we obtain 

sup E sup Iw^sWI/f < CT,p. 

ee(o,i] te[o,T] 

The estimate for general p>l fohows from the Holder inequality. □ 
Next, we pass to (1.1). 

Definition 3.2. Let T > andp > 1. An adapted process Us G LP(0; C([0, 
T];H)) is a mild solution of (1.1) if, for any t G [0,T], 

usit) = e*^/^no + /* e(*-^)^/^F(s, u,is)) ds + wlgiu^M + w% ^(t), 
Jo 

where, for any u G LP(f]; C([0, T];H)),we define 

wXQ{nm:= f e^'-'^^''G{s,u{s))dw'i{s), t>0. 



As is well known, w^q{u) is the unique mild solution of the problem 



(3.12) 



dy 1 dw^ 

— (t,a;) = -Ay{t,x) + g{t,x,u{t,x)) -——{t,x), t>0,xeD, 
ot e ot 



{a{x)i^{x),Vy{t, x))j^d =0, t>0,x£ dD, 

y{0,x) = 0, xGD, 

where is the cylindrical Wiener process with values in H, introduced in 
Section 2. 

As for w^^, we show that ^ g satisfies a bound in LP{Q;C{[0,T]; H)) 
which is uniform with respect to e £ (0, 1]. 

Lemma 3.3. Assume Hypothesis 2 and part 1 of Hypothesis 3. Then, 
w\ Q is Lipschitz continuous from LP{0,;C{[0, T];H)) into itself for any T > 
and p>l, and 

(3.13) sup E\w%Q{u)f ,, ,^. <CT,p( 1 + E [ \u{s)\Pjds 
ee(0,l] u , J. y y 

Proof. The proof of the Lipschitz continuity of w^q in U'{Q;C{[0,T]; 
H)) is classical and can be found in, for example, [1]. Concerning estimate 
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(3.13), as in the proof of Lemma 3.1, we use a factorization argument and, 
for any a> 1/p, we get 

E sup \w%Q{t)\^H 
te[o,T] 



< 



[■T / fs \p/2 

ct,p,„e/ / (.-r)-2"^Ai|e(-'-W^[G(r,n(r))e,]|^dr ds. 
Jo \Jo J 



According to (2.12), if we set C := p/{p — 2), then we have 



2\Js-r)A/e 



[Gir,u{r))ek]\H 



(3.14) 



[G{r,u{r))ek]\l 



i/C 



xsup|e(^-^)^/^[G(r,t.(r))efc]|S'^-^)/^|efe|-4/''. 

fceN 



As in the proof of (3.9), we have 

^\ei^-r)A/e^Gir,u{r))ek]\l= [ \k^s-r)/ei^,-)9ir,;uir))\l dx. 



keN 



Now, thanks to (2.3), for any t > 0, x & D and h£ H, we have 



\ktix,-)h\l= / \hix,y)hiy)\^dy 



D 



(3.15) 



<c( 



zit-'^/^ + l) [ kt{x,y)h\y)dy 
Jd 

= c(t-'^/2^1)e*^/i2(x) 
and this is meaningful since e*"^ is well defined in L}{D). In particular, for 



any e > 0, 



El 

fceN 



<C 



G{r,u{r))ek]\H 

d/2 



<C 



s — r 



s — r 



s — r 



+ 1 



D 



d/2 



+ 1 



d/2 



+ 1 



^'-''>^^'g'^{r,-,u{r)){x)dx 
|e(-^-)^V(r,-,n(r))|^.(^) 
\g{r,-,u{r))\jj 
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and, due to the linear growth of g, 

,is~r)A/e 



(3.16) 



fceN 



i/C 



< Ct 



£ 



d/{20 



+ 1 



{l + Hr)\f). 



s — r 

By analogous arguments, we have 



(3.17) sup|e^ 

feeN 



and then, thanks to (3.14), (3.16) and (3.17), we get, for any e E (0,1], 



E sup \wXQ{t)\P, 

iG[0,T] 



s — r 



2a+d/i2() 



+ 1 



\P/2 

{I + \u{r)\jj) dr ) ds. 



As we are assuming p < 2d/ {d — 2), we can find q > such that 2a + d/{2(^) < 
1. Due to the Young inequality, this implies (3.13) for all p> p = 1/a and 
hence for all p > 1. □ 

According to Lemmas 3.1 and 3.3, we have the following result. 

Theorem 3.4. Under Hypotheses 1, 2 and 3, for any T > and p>l, 
and for any uq£ H and e > 0, equation (1.1) admits a unique adapted mild 
solution Us G LP{n;C{[0,T];H)). Moreover, 

(3.18) sup E\Ue\^(j(,Qj.y^.<CT,p{l + \uoffj). 

ee(0,l] ' ' 

Proof. As both F{t,-):H ^ H and w%q: LP{n;C{[0,T]; H)) ^ LP{n; 
C{[0,T]; H)) are Lipschitz continuous and ^ £ LP{Q,;C{[0,T]; H)), we 
have that the mapping defined by 

<l>,{u){t) = e'^/'uo + f e(*-^)^/^F(s, u{s)) ds + «;^,Q(n)(t) + w\ ^(t) 

JO 

is Lipschitz continuous from the space of adapted processes in LP{Q.; C([0,T]; 
H)) into itself. Therefore, by a classical fixed point argument, equation (1.1) 
admits a unique adapted mild solution Ufr G LP(il, C([0, T]; //)). 
Next, for any e > 0, we have 

rt 



|^x,(t)|^<Cp(|no|^ + ctP-^^(l + 



+ \wXQ{u,){t)\^H + \wXB{t)\ 



H 
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and then, according to (3.4) and (3.13), we conclude that 

E sup \ui;{t)fjj <CT,pil + \uof^ + / E sup |ne(r)|f^(is ) . 

te[0,T] V Jo r£[0,s] J 

The Gronwall lemma allows us to obtain (3.18). □ 

4. The averaging result. In this section, we show that for any < < T 
and p> 1, the sequence {?ie}ee(o,i] converges in LP(r2;C([(5, T];i7^)) to the 
solution of a suitable one-dimensional stochastic differential equation. In 
what follows, we first introduce the limiting equation by constructing the 
coefficients and by describing a situation in which they are given by a simple 
expression. In the second part of this section, we prove the convergence 
result. 

We start with the drift term. For each t > and h £ H, we define 

(4.1) F{t, h) := {F{t, h),^i) = f fit, X, h{x))fi{dx), 

Jd 

where iJ,{dx) is the unique invariant measure associated with the semigroup 
e*"^ (see Section 2 and Hypothesis 1). According to Hypothesis 2, for any 
T > and /ii, /i2 G H, we have 

\f{t,x,hi{x)) - f{t,x,h2{x))\ < LTj\hi{x) - h2{x)\, {t,x) G [0,r] X D, 
so that 

is Lipschitz continuous, uniformly with respect to t £ [0,T], for any T > 0. 
Notice that, as H C H^j^, this implies that F(t, •) : if — t- R is also Lipschitz 
continuous. 

Next, we construct the term arising from the stochastic convolution 
g(n)(t). For each t>0 and h £ H, we introduce the linear mapping 

z£H^ ^{G{t, h)ek,n){z, ek)H = {G{t, h)z, fi) G M. 
fceN 

As H is continuously embedded into H^, for any T > 0, we have 

\{Git, h)z,i^)\ < \g{t, ■,h)\HMH, < ct(1 + \h\HMH, t < T. 
This means that there exists G{t,h) £ H such that 

{G{t,h),z)H = {G{t,h)z,p), z£H. 
Moreover, since for any /ii, /i2 G and T > 0, 

\{G{t,hi)z,fi)-{G{t,h2)z,fi)\ 

< \g{t,-,hi) - g(t,-,h2)\Hjz\H 

<CT\hi-h2\Hjz\H, t<T, 
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we have that the mapping G{t,-) : H is Lipschitz continuous, uniformly 

with respect to t £ [0,T], for any T > 0. 

This, in particular, implies that the mapping G{t, ■) is also Lipschitz con- 
tinuous, both in H and in H^, uniformly for t G [0,T]. 

Finally, we construct the term arising from the boundary convolution 
^{t). For each fixed t>0, we introduce the mapping 

hGZ^5o{Ns,Mt)h],f^)=So [ Ns,[ait,-)h]ix)fiidx)eM. 

JD 

As iV^Q is a bounded linear operator from Z into H, T,{t) is bounded and 
linear in Z and H is continuously embedded in i^^, such a mapping is 
bounded and linear from Z into M and then, for any t >0, there exists 
T,{t) £ Z such that for any /i G Z, we have 

(4.2) {±{t),h)z = 5o{Ns,MiMf^) = So [ NsMir)h]{x)fi{dx). 

JD 

We can now introduce the limiting equation. It is the one-dimensional 
stochastic differential equation 



(4.3) 



/ dv{t) = F{t,v{t))dt+ {G{t,v{t)),dwQ{t))H + {t{t),dw^{t))z, 
v{0) = {uo,n). 



1 



As the mappings F(t, •) : R — > M and G{t, •) : M — are both Lipschitz con- 
tinuous, uniformly with respect to t G [0, T], for any T > 0, equation (4.3) 
admits a unique strong solution v G U'{Q;C{[0,T];M)) for any p>l and 
T > 0, that is, there exists a unique adapted process in L^{Q;G{[0,T];'R)) 
which is adapted to the filtration {J-t}t>o such that 

v{t) = (Uo,^) + / F{s,v{s))ds + WA,Q{v){t) +WA,B{t), 

Jo 

where 

WA,Q{vm:= [\G{s,v{s)),dw'^{s))H, waM^) ■= [\t{s) , dw"" (s)) z ■ 
Jo Jo 

Notice that both WA,Q{v){t) and WA,B{'t) are /"j-martingales having zero 
mean. Moreover, we have 

(4.4) nwA^Q{v){t)\'' = fnQG{s,v{s))\lds 

Jo 

and 

(4.5) E\wA,B{t)f= tnBt{s)\lds. 

Jo 
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In particular, as w'^ and are independent, we have that WA,Q{v){t) + 
'WA,B{t) is an J^t-martingale having zero mean and covariance 

ft 



(4.6) / {E\QG{s,v{s))\ji + \Bt{s)\l)ds 

Jo 



so that there exists some Brownian motion /3f defined on some stochastic 
basis {il.,J-,J-t,^) such that the solution of problem (4.3) coincides in law 
with the solution of the problem 

f dv(t) = F{t, v{t)) dt + $(t, v{t))dl3t, 
\v(0) = {uo,ii), 

where 

(4.7) <P{t,v) = {\QG{t,v)\l + \Btit)\zf^. 

As shown in Remark 2.1, in the case where the operator A is self-adjoint, 
we have 

IJ,{dx) = —— dx 



so that, due to the definition of G{t,v), we get 



\QGit,v)\l = r^\Qgit,-,v)\jj = —^ I \[Qgit,;v)]ix)\'dx. 



D 



Concerning the boundary term, due to (2.8), we have 

A 

\D\ 



fcgp 



\D 



Y^^\{f,,Ba{t, •))zP = J^lBait, Oil 
\[Ba{t,-)mUr^. 



1 

LDP 



an 



Therefore, in the self-adjoint case, we have 



1 



^(i,^) = rpT( / \[Qg{t,;v)]{xrdx+ I \[Ba{t,-)Mrdv 



1/2 



ID JdD 

Now that we have described the candidate limit equation, we prove that 
Us in fact converges to its solution. 
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Theorem 4.1. Assume Hypotheses 1, 2 and 3. Then, for any uq G H, 
p>l, T > and 9 < 1, and for any 6 > 0, we have 

E sup \ueit) - v{t)fj,^ < CT.p.ei^ + eP'/^){l + |no|^J 

te[5,T] 1^ ■ ■ M 

(4.8) 



+ e 



where v is the solution of the one- dimensional problem (4-3). In particular, 

limE sup \ue(t) - vitWrr =0. 
te[S,T] 



Proof. We have 



Ueit)-vit) = {e'^/'uo-{uo,i^))+ / iFis,Ue{s))-F{s,v{s)))ds 



+ / {{G{s,Ue{s))-G{s,v{s))),dw'^{s))H + Re{t), 



where 



(4.9) 



Re{t) 



,it-^)A/ep(^S^Ue{s))ds- / F{s,U,{s))ds 



+ wXQ{Ue){t) - WA,Q{u,){t) + W%B{t) " WA,B{t). 



This yields 

(4.10) + f \F{s,u,{s))-F{s,v{s))\Pds 

Jo 

+ f\{G{s,u,{s)) - Gis,v{s))),dw'^{s))H'' 
Jo 

Due to the Lipschitz continuity of F{t, •) : H^^ — )• M, for any < t < T, we 
have 

E sup / \F{r,Us{r)) — F{r,v{r))\P dr 
s€[0,t] Jo 

(4.11) 

<CT,p E|ue(r) -^(r)!^ dr. 
Jo 
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Analogously, due to the Lipschitz continuity of G{t, ■) : — )• H and the 
Burkholder-Davis-Gundy inequality, for any < t < T, we easily obtain 

{G{r,Us{r))-G{r,v{r)),dw^{r))H 



(4.12) 



E sup 

se[o,t] 



<CT,p / E\ue{r) - v{r)fjj dr. 



Then, thanks to condition (2.6), for any <t <T, 

E\Ue{t)-v{t)\P 



--ypt/e 



< CT,p [ e 
and, by comparison, this yields 



UofH +E sup \Re{t)fH+ fnu,{s)-v{s)fH ds) 

te[o,T] Jo J 



(4.13) / ^Ue[s)-v[s)W ds<CTSe\uQW +E sup \Re(t)W 
Jo ^ te[o,T] ' 

In view of (4.10), thanks to (4.11) and (4.12), for any < 6 <T, we obtain 

E sup \u,{t)-v{t)fH^ 
te[5,T] 



E|ne(s) -u(s)|^ dt 



+ CT,pE sup |i?e(i)|^ • 

t&[0,T] 

Therefore, if we show that, for any T > 0, p > 1 and 9 € (0, 1), 

(4.14) E sup \Re{t)\''H <CT,p,ee^'/'(l + |no|?,), 

te[o,T] ' 

then we can conclude that (4.8) holds. □ 

Due to (4.9), in order to prove (4.14) and hence complete the proof of 
Theorem 4.1, we need the following three lemmas. 

Lemma 4.2. Assume Hypotheses 1, 2 and 3. Then, for any T> and 
p > 1, and for any e G (0, 1], we have 



(4.15) 



E sup 

te[o,T] 



At-s)A/e. 



F[s,u^{s)) ds — / F{s,Ue{s))ds 
Jo 

<CT,p(l + ko|?^)e^. 



Ha 
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Proof. Due to Hypothesis 1, for any t G [0,T], we have 
|e(*-W^F(.,n,(.))-F(.,n,(.))|^^ 

<ce-^i^-^y'\F{s,Us{s))\H, 
<ce-^('-^^/'\F{s,Ue{s))\H 

< CTe-^(*-")/^ (l + sup \Ue{s)\H'' 
^ s<T ' 

This imphes that, for any t S [0,T], 



e(*-^)^/^F(5, ne(s)) ds - f F{s, Ue{s)) ds 
Jo Jo 



-"I'/' ds 



so that, thanks to (3.18), for any e G (0, 1], we obtain 



E sup 

tG[0,T] 



z'^^-''^^l'F{s,u,{s))ds- / F{s,ue{s))ds 



Ha 



<CT,p(l + |no|^)eP 



□ 



Lemma 4.3. Assume Hypotheses 1, 2 and 3, and fix T > 0, p> 1 and 
6 <1. Then, there exists some constant cx^p^e > such that for any e £ (0, 1], 

(4.16) E sup \w%^Q{u,){t) - WA,Q{Uem\''H^ < Ct ,pfie^' (\ + \u^\\). 
te[o,T] 

Proof. As in the proofs of Lemmas 3.1 and 3.3, we use a factorization 
argument. Since e*"^! = 1, for any t > and a > 0, we have 



wXQ^^e)it) - \ {G{s,Ue{s)),dufi{s))H 

\t-sT~\^'-'^^l'Y,^^{s)ds, 



sm 7ra 



where 



"e(^-'-W^^(r,-Ue(r))du;^(r) 



F,,,(s):= \\s-r 
Jo 

and, for any /ii, /12 € H, 

^{r, hi)h2 := G{r, hi)h2 - {G{r, hi), h2)H. 
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Hence, due to (2.9), e*^ is a contraction in for any t > 0, and by pro- 
ceeding as in the proofs of Lemmas 3.1 and 3.3, for a < 1/p, we obtain 



E sup 

te[o,T] 



< 



Jo 

■^0 ^-^0 fcGN 



Ha 



2Q\p X2|g(s-r)yl/e 



2 y'^ 

^{r,Ue{r))ek\H^dr \ ds. 



Due to the invariance of and condition (2.6), we have 
|e(--)^AM/(r,n,(r))efc|„ 



^(s-r)A/e 



[G{r,Ue{r))ek] - {G{r,Ue{r)),ek) H\Ha 



-(e(-'')/2^/^[G(r,n,(r))efc],A.)|^^ 

< ce-T(^-^)/(2e) |g(.-r)/2A/e [^(^^ (r))efc] |^ 



so that 



E sup 

tG[0,T] 



(4.17) <CT,p,«E^ (^^ 



w^Aq(^^)W- / (G(s,w,(s)),(iu;«(s))/f 

JO 



Ha 



(s-r)-^"e 



2a -7(s-r)/e 



\ p/2 



fcGN ^ 

Using the same arguments that were used in the proof of Lemma 3.3 [see 
(3.16) and (3.17)], for any < r < s < T, we get 



^A^|e(-^)/2^/^[G(r,n,(r))e,]|^^<CT 



km 



s — r 



+ 1 



il + \ue{r)\l), 



with Q = p/{p — 2) if d > 1 and with C, = 1 if d = 1. Thanks to (3.18), this 
yields 



E sup 

tG[0,T] 



wXQ{Ue){t)- I {G{s,Ue{s)),dw'^{s))H 

(2a+d/(2C)) 



'0 L 



+ 1 



\ p/2 
-^^l'dt\ . 
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Now, according to the first condition in Hypothesis 3, we have d/2Q < 1 so 
that, for any < 1, we can fix a > such that 

l-2a>e, 2a + -^<l. 

2Q 

Then, with a change of variable, we easily obtain 



E sup 

t6[0,T] 



wXoiUem- / {G{s,U,{s)),dw'^{s))H 



<CT,p,ee'"\l + \uo\''H) 



Ha 



for any p > p := 1/a. By the Holder inequality, we obtain an analogous 
estimate for any p>l and (4.16) then follows. □ 

Lemma 4.4. Assume Hypotheses 1, 2 and 3, and fix any T > 0, p > 1 
and 9 < 1. Then, there exists some constant cx^pfi > such that for any 
eG(0,l], 



(4.18) 



E sup \w\B{t)-^AAt)TH <CT,p,ee^^/^. 

ie[o,T] 



Proof. Notice that (Jq — A)e^^l = Sq for any t > 0. Then, as in Lemma 
3.1, by factorization, we obtain 



smvra 



{t-sr-'e^'-'^^/'Y,,^{s)ds, 



Jo 
where 

y,,«(s) := [\s - r)-^{So - A)e(^-^)^/^^(r) du;^(r), 
Jo 

and for any h & Z, 

^{r)h:=Ns,[J:{r)h]-^{t{r),h)z. 

do 

Hence, according to (2.9), by arguing as in the proofs of Lemmas 3.1 and 
3.3, for any p> 1/a, we obtain 



E sup 

t£[0,T] 



{t{s),dw''{s))z 



Ha 



T 



\J0 



(s — r) 



~2a 



\ P/2 

Y,Ol\{6o - A)e(-^)^/^[*(r)A]|^^ dr\ ds. 

feGN ^ 
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Due to the invariance of /x and to condition (2.6), we have 

= |(5o - A)e(-^W^iV,j5](r)A,] -5o(iV5oP(r)A],/i>|^^ 

< ce-^(-0/(2.)|(^^ _ A)e(^-^)/2^/^'iV,jS(r)/,]|^^. 
This imphes that 
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E sup 

te[o,T] 



< CT,p,a 



T 



V^O 



' {t{s),dw''{s))z 
{s — r) ""e 



-2a -7(s-r)/£ 



km 



\ P/2 

Ns,[nr)fk]\l^dr\ ds 



and, hence, by proceeding as in the proof of Lemma 3.1, we conclude that 



E sup 

*e[o,T] 



Ha 



< CT,p,a,p£ 



T 



2a+(dsign(d-l)+C)/(2C)+p/2 



+ 1 



\ P/2 



where p is a positive constant to be chosen and where (,= (5/{l3 — 2) if d > 1 
and C = 1 '\i d=l. Now, as we are assuming /? < 2d/{d — 1) when d>2, for 
any ^ < 1, we can fix a and p both positive such that 

^ o-^fl o- , rfsign(d- 1) +C , P ^ -I 
l-2a> 0, 2a H ^2 

Then, with a change of variable, for any p> p = l/a, 



E sup 

t€[0,T] 



< CT,pe 



pe/2 



Ha 



and this implies (4.18) for any p>l. □ 
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Remark 4.5. 

1. Notice that from (4.13), we have 

(4.19) E\u, - ^;|ip(o,T;H,) ^ CT,p,e(e^'/' + e){l + WofnJ 
so that 

2. If we take uq = {uQ,fj,) , then, for any p > 1, T > and ^ < 1, we have the 
stronger estimate 

(4.20) E sup \ue{t)-v{t% <CT,p,9eP'/\l + \uo\n- 

tG[0,T] " 

3. From the proofs of Lemmas 4.3 and 4.4, we easily see that for any T > 
and p > 1 , 



(4.21) sup E\wXQ{nem - WA,Q{t)fH^ < CT^pS^^^l + \uofH) 

te[o,T] 

and 



(4.22) sup E\w% sit)- WAMt)\H <CT,peP/^. 

t€[0,T] 

Then, for any T > and p>l, 

sup E|i?,(t)|^ < CT,peP/\l + l^zol^ J, e £ (0, 1]. 
te[o,T] 

Then, by repeating the arguments used in the proof of Theorem 4.1, we 
have 

sup E\ne{t)-v{t)f^ <CT,p{e + eP/^){l + \uof^) + e-^P'/'\uofH ■ 

t€[5,T] f ■ M M 

Moreover, if uq = {uo,fj,), as in (4.20), we have 

(4.23) sup E\us{t) - v{t)fj^ <CTpef^'^{l + \uo\P). 
te[o,T] 

5. Fluctuations around the averaged motion. In this section, we ana- 
lyze the fluctuations of the motion around the averaged motion v. More 
precisely, we will study the limiting behavior of the random field 

Ur(t, x) — v(t) „ 

(5.1) Ze{t,x) := ^ ' ' — —, t>0,xeD, 

as the parameter e goes to zero. 

In what follows, in addition to Hypothesis 2, we shall assume that the 
coefficients / and g satisfy the following conditions. 
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Hypothesis 4. 

1. The mapping /(t, x, •) : M — )• M is of class , with Lipschitz continuous 
derivative, uniformly with respect to x ^ D and t E [0,T], for any T > 0. 

2. The mapping g does not depend on the third variable, that is, g{t,x,r]) = 
g{t, x) for any t>0, x £ D and i] £ M. 

3. For any x £ D, the mappings g{-,x) : [0,oo) — )■ M and ct(-,x) iM — )■ M are 
Holder continuous of exponent a > and 

sup[c/(-,a;)]c"([o,+oo)) =Lg<oo, 

(5.2) 

sup [o-(-, r/)]c"([o,+oo)) =La<oo. 

From Hypothesis 4, we easily obtain that the mapping F{t, •) : Hf^ — )• M is 
Frechet differentiable and, for any t > and h,k £ H^, we have 

DF{t,h)k = j^^{t,x,h{x))k{x)fi{dx) = (^^{t,-,h)k,fi 
Moreover, DF(t, •) : — )• if is Lipschitz continuous, uniformly for t £ [0, T]. 



Theorem 5.1. Assume Hypotheses 1-4- Then, for any t > 0, 
(5.3) Ze(t,x) ^ Io{t,x), e|0, 

in H^, where lQ{t,x) is the Gaussian random field defined for any t>0 and 
X £ D by 

f oo 



poo 

Io{t,x) := / Ue'^G{t)dw^{s 
(5.4) ^° 



OO 

U{6o-A)e'^Ns,[E{t)dw''{s)]{x) 







[For any x £ H^, we have set lix := x — {x,fi). Notice that, due to the in- 
variance of ^, 

ne*^/i = e*^n/i, t>0,h£H^, UAh = AUh, h£D{A).] 
We now define 

POO 

(5.5) lG{t)-= / ne"^G(t)dt(;^(s) 

Jo 

and 

POO 

(5.6) Ht)-= n{5o-A)e'^Ns,[mdw''is)]. 

Jo 
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Before proceeding with the proof of Theorem 5.1, it is important to see that 
the two terms Icit) and are both well defined in L'^{Q.;H^) for any 

t>0. 

Lemma 5.2. Under Hypotheses 1-3, 

Proof. Due to the invariance of we have 

lG{t) = y] / \k{e'^[G{t)ek\ - {G{t)ek,li))dh{s) 

so that, by proceeding as in the proof of Lemma 3.3, thanks to (2.12), we 
have 

/"OO ^ 

WG{t)\l^= / Y.^lV^[G{t)eu]- {G{t)ek^tj)\l^ds 
k=i 

(5.7) <cj^ \ J^\e'\[G{t)e,]-{G{t)e,,^^))\l\ 

xsup|e^^[G(t)efc]-(G(t)efc,;u)|f^^)/^|efc|-^/^ds, 

where ( = {p — 2)/p and p is the constant appearing in (2.12). Due to (2.6) 
and the invariance of /i, we have 

le'^'ilGm] - {G{t)e,,p))\l^ < e~''^\e^/'^[G{t)ek]\l^ 

so that, according to (3.16), we have 

/ oo \ VC 

( 5^|e^^([G(t)efe] - {G{t)e,,^))\l\ < cte-^^'^is-"'^''^^ + 1). 

Analogously, according to (3.17), we have 

sup|e'^^[G(t)efc] - {G{t)eu, p)\f~^^'^\eu\-J''' < Qe'^^^-^^^/^ 
km 

and hence, in view of (5.7), we conclude that 

/•oo 

E\lG{t)\jj^<ct e-^^(s-'^/(2C) + l)ds<Q. □ 

" 

As far as Is is concerned, we have the following, analogous, result. 
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Lemma 5.3. Under Hypotheses 1-3 

IE|/s(t)lH^ <oo, t>0. 

Proof. Due to the invariance of we have 

f'OO 

Ht) = y] / Okii6o-A)e'^Ns,[mfk]-6o{N5,[mfk],f^))d^k{s). 

Using the same arguments used in Lemma 4.4, due to (2.6) and the invari- 
ance of ^, we have 

|(Jo - A)e'^N,,[mfk] - 5^{Ns,[mfk]^^^)\l, 

<ce-^^\{6o- A)e^l^^Ns,[mfk]\l, 

and then, as in the proof of Lemma 3.1, due to (2.13), we get 



poo / °° 



i/C 



\k=l 

X sup I (<5o - A)e''^^Ns, [mfkWf'^^'^ ds. 
fceN 



By using (3.10) and (3.11), this allows us to conclude that for some p > 
such that {d + C)/2C + p/2 < 1, 

5.1. Proof of Theorem 5.1. It is immediate to check that for any t > 0, 

Ze{t)= I DF{s,v{s))Zs{s)ds + Re{t) + Is{t), 

Jo 

where 

i?,(t):=^(e*/^^no-(no,/i)) 

+ 1 [\e^^-'^^/^F{s,Usis)) - F{s,u,is)))ds 
V £ Jo 

+ 11 [DF{s,v{s) + 9{ue{s) -v{s))) - DF{s,v{s))]ze{s)dsde 
Jo Jo 

3 
i=l 



32 S. CERRAI AND M. FREIDLIN 

and 

(5.8) Is{t) := ^«Q(t) - WA,Qit)) + -^(wXeit) " ^A,B(t)). 
Due to (1.2), we have 

(5.9) \Re,^it)\H<4=^-''^'\^o\H,■ 



For i2e 2(^)5 with a change of variables, due to (2.6), we have, for any t G 

Jo 

<^(l+ sup \ue{s)\H,) f e-'^/'ds 
<Q\/e(l+ sup |ne(s)|//^ 

^ sG[0,t] 

and then, thanks to (3.18), we get 

(5.10) E sup \Re,2{t)\H, < ctV^{1 + \uo\h,). 

t&[0,T] 

Finally, for i?e^3(t), due to the Lipschitz continuity of DF{s^-):H^ — )• iJ, 
uniform with respect to s E [0,t], and estimate (4.19) with p = 2 and 6 £ 
(1/2,1), we get 

(5.11) 

<CTe'-'/Hl + \no\'). 

Therefore, collecting together (5.9), (5.10) and (5.11), we can conclude that 
for any T > and e E (0, 1] , 

(5.12) E\Re{t)\H,<^e-^'/'\uo\H, + CT{l + \uo\jjy-^/^ tE[0,r]. 
Next, for any e > 0, we introduce the problem 

C(t)= f DF{s,v{sms)ds + Ie{t), 
Jo 

where Ie{t) is the process introduced in (5.8). For any e > 0, we denote by 
Ce its unique solution. 

We have the following result, whose proof is postponed to the end of this 
section. 
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Lemma 5.4. Under Hypotheses 1-4, for any t>0, we have 

Ce{t)^Io{t), eiO, 
in H^, where Io{t) is the H^-valued Gaussian vector field defined in (5.4)- 

Now, for any e > and i > 0, we define Pe{t) := z^^t) — Ce(t)- We liave 

Ps{t)= [ DF{s,v{s))pe{s)ds + Re{t) 
Jo 



so that 



E\p,{t)\H,<CT fE\p,{s)\H, +me{t)\H, 

Jo 



By comparison, we get 



nPe{t)\H,<CTnRe{t)\H,+CT [ E\R,{s)\H,ds 

Jo 

and, thanks to (5.12), this implies that 

nPeit)\H, < ^e-^'/^UolH, + Ct(1 + \uo\iy-'^' 
+ ^ [\-^'/'ds\uo\H,. 

v£ Jo 

Hence, we can conclude that for any i > 0, 

limE|z,(i) - Cemn, = nmE|p,(t)|H, = 
SO that, in view of Lemma 5.4, Theorem 5.1 is proved. 

5.1.1. Proof of Lemma 5.4- For any x £ D and t > 0, we have 

Cs{t,x)= [ [ %{s,y,v{s))Ce{s,y)p{dy)ds + Ie{t,x). 
Jo Jd 

Then, if we multiply both sides above by df /d£,{t,x,v(t)) and integrate in 
X with respect to the measure /i, we get 



where 



^e{t)=H{t) f^e{s)ds + K,{t), 

Jo 



^e(t):=/ ^{t,X,v{t))Ce{t,x)p{dx) 



D 
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H{t) :-- 



Ke{t) :-- 



D 



D 



dl 
dl 



{t,x,v{t))n{dx), 
{t,x,v{t))Is{t,x)fi{dx). 



It is then immediate to check that 



so that 



where 



Q{t,x)= [ H{t,s)Ke{s)ds + Is{t,x), 

Jo 



H{t,s) :=exp|^^ H{r)dr^. 
Step 1. We show that for any i > 0, 



(5.13) 



HmE 

e->0 



H{t,s)K,{s)ds 







0. 



Due to (5.8) and the stochastic Fubini theorem, we have 

ft 



H{t,s)Ke{s)ds 

oo rt ft 



k=0 



Ja 



,{s-a)A/e 



U[Gia)Qek]) dsdPk{a 



Hu. 



k=0 



Ja 



{So - ^)e(^-")^/^ 



Ha 



Then, as w'^ and are independent and df /d£, is uniformly bounded, we 
get 



E 



H{t,s)Ke{s)ds 
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< — 

£ 



e Jo fc^oV^ 

xU[Ns,{n^)Bfk)]\Hjs^ da 

= / (J,,l(t,CT)+ J,,2(t,fT))dCT. 

£ JO 

For the first term J^^i, in view of (2.6), for any a G (0,2), we have 
Je,i{t,a) 

/ ft \ 2 

<E^i( / e'^*^*-'^e-^^'"'')/(2.)|g{s».)A/(2e)nfG(^)efc]|^^d5) 

l._n (T / 



, rt \2/{2- 
<[ I ^Kt{2-a)(t-s)^-^{2-o,){s-a)/(2e) 



oo 

X 

fc=0 



N 2(l-a)/(2-a) 



oo / X 2{1-q)/(2-q) 

<ct£2/(2-)^Ai( / |e(^-'^W(2-)[G(a)efc]|g;")/(^-")d.) 

fc=o " ^ 

Then, if we set C, = p/{p — 2), by using the Holder inequaUty for infinite 
series, we get 

t ( 

^|e(^-.M/(2e)[G(,),^]|2C 



X l/C(2-a)/(2(l-a)) x 2{l-a)/{2-a) 

X |e.|-^/(^-^) ds\ 



and, by proceeding as in the proof of Lemma 3.3, we conclude that for 
eG(0,l], 

/ \ 2{l-a)/{2-Q) 

^) < Cte2/(2-")Kj/^ n {{s- ^)-<^/(2C){2-a)/{2{l-a)) ^ 1) ^\ 
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Now, in view of Hypothesis 3, we have (i/2<^ < 1 and can fix oi > such that 

d 2 — ai 



2(2(1 -ai) 



< 1 



and then 



(5.14) 



Jo 



The same arguments can be repeated for the term j£^2) so we can find some 
0(2 >0 such that 
ft 



[ Je,2{t,a)da<ct,a,e^^/^^-''^\ £G(0,l],t>0. 
Jo 

This, together with (5.14), imphes that 



1i 

e 



E 



H{t,s)Ke{s)ds 



where 



<cte^, eG(0,l],f>0, 



2 — ai A a2 

so (5.13) follows. 

Step 2. We show that for any fixed t>0, 

(5.15) Isit)^Ioit), eiO. 

With a change of variable, we have 

I,{t) = -^(^*e(*-^)^/"n[G(s)d^x;«(s)] 

\5o_A)e(*-W-n[iV,^(S(s)du;^(s))] 

= re^MG{t-er)dw%{r)] 
Jo 

+ f^\6o - A)e'MN5,m - er) dwf^,{r))], 
Jo 

where 



This means that for any e > and t > 0, 

C{Ie{t))=C{ie{t)), 
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where 



:= e'^U[G{t - er) dw^{r)] 
Jo 

tie 



+ / ((^o-A)e''^n[iV5„(S(t-er)di/7^(r))]. 







Thus, in order to obtain (5.15), it is sufficient to prove 



(5.16) liniE|/,(t)-/o(t)|^^=0. 
We have 

hit) - h(t) = l"' e^^n[(G(t - er) - G(t)) dw'^ir)] 
Jo 

+ ['^\6o - A)e'MN5omt - er) - S(t)) dw^{r))] 
e'^U[G{t)diu'^{r)] 

t/e 

{6o-A)e'MNsom)dw''{r))] 

t/e 
4 

i=l 

With the same arguments used several times throughout the paper, we 
have 

nJeAt)\k ^ e"'^^(s-'^/(20 + l)\g{t - es, •) - g{t, ■)\l^ ds. 

Then, due to Hypothesis 4, we have 

/•oo 

(5.17) E|J,,i(t)|2 <cte2- / e-7«(s-'^/(2C) + l)52a^^<^^^2 

^0 

Analogously, we have 

(5.18) E|J,,2(t)|l,,<Q£2". 
Concerning Je^3(t), we have 

/oo 
^^e-^^{s-''/^'0 + i^ds\g{t,.)\X 

POO 

<ct e-^"(s-'^/(2C) + i)^s 

Jt/e 



.2a 
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so that 



(5.19) 



limE|J,,3(t)|l,,,=0. 




= 



and this, together with (5.17), (5.18) and (5.19), imphes (5.16). 
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